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Abstract
The paper is devoted to study the nth Hawaiian group Hn, n ≥ 1, of the wedge sum of two spaces
(X, x∗) = (X1, x1) ∨ (X2, x2). Indeed, we are going to give some versions of the van Kampen
theorem for Hawaiian groups of the wedge sum of spaces. First, among some results on Hawaiian
groups of semilocally strongly contractible spaces, we present a structure for the nth Hawaiian
group of the wedge sum of CW-complexes. Second, we give more informative structures for the
nth Hawaiian group of the wedge sum X, when X is semilocally n-simply connected at x∗. Finally,
as a consequence, by generalizing the well-known Griffiths space for dimension n ≥ 1, we give some
information about the structure of Hawaiian groups of Griffiths spaces at any points.
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1. Introduction and Motivation
In 2000, K. Eda and K. Kawamura [4] generalized the well-known Hawaiian earring space to
higher dimensions n ∈ N as the following subspace of (n+ 1)-dimensional Euclidean space R(n+1)
HEn = {(r0, r1, ..., rn) ∈ R(n+1) | (r0 − 1/k)2 +
∑n
i=1
r2i = (1/k)
2, k ∈ N}.
Here θ = (0, 0, ..., 0) is regarded as the base point of the n-dimensional Hawaiian earring HEn, and
Snk denotes the n-sphere in HE
n with radius 1/k.
In 2006, U.H. Karimov and D. Repovsˇ [6] defined a new notion, the nth Hawaiian group of a
pointed space (X, x0), denoted by Hn(X, x0), to be the set of all pointed homotopy classes [f ],
where f : (HEn, θ) → (X, x0) is a pointed map. The operation of the nth Hawaiian group comes
naturally from the operation of the nth homotopy group so that the following map
ϕ : Hn(X, x0)→
∏
N
pin(X, x0), (I)
defined by ϕ([f ]) = ([f |Sn1 ], [f |Sn2 ], ...) is a homomorphism, for all n ∈ N. For every pointed space
(X, x0), the image of ϕ and also Hn(X, x0) contain
∏W
N pin(X, x0) as a normal subgroup (see the
proof of [1, Theorem 2.13]).
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One can see that Hn : hTop∗ → Groups is a covariant functor from the pointed homotopy
category, hTop∗, to the category of all groups, Groups, for any n ≥ 1. If β : (X, x0) → (Y, y0)
is a pointed map, then Hn(β) = β∗ : Hn(X, x0) → Hn(Y, y0) defined by β∗([f ]) = [β ◦ f ] is a
homomorphism (see [6]).
Although the nth Hawaiian group functor is a pointed homotopy invariant functor on the
category of all pointed topological spaces, it is not freely homotopy invariant. Because unlike
other homotopy invariant functors, Hawaiian groups of contractible spaces are not necessarily
trivial. Karimov and Repovsˇ [6] gave a contractible space, the cone over HE1, with nontrivial 1th
Hawaiian group at some points (consisting of the points at which CHE1 is not locally 1-simply
connected), but with trivial homotopy, homology and cohomology groups. More precisely, it can
be shown that H1(C(HE1), θ) is uncountable, using [6, Theorem 2]: “if X is first countable at
x0, then countability of nth Hawaiian group Hn(X, x0) implies locally n-simply connectedness of
X at x0.” Furthermore, a converse of the above statement can be found in [1, Corollaries 2.16
and 2.17]: “let X be first countable at x0. Then Hn(CX, x˜) is trivial if and only if X is locally
n-simply connected at x0 and it is uncountable otherwise”. Accordingly, this functor can help us to
obtain some local properties of spaces. In addition, unlike homotopy groups, Hawaiian groups of
pointed space (X, x0) depend on the behaviour of X at x0, and then their structures depend on the
choice of the base point. In this regard, there exist some examples of path connected spaces with
non-isomorphic Hawaiian groups at different points, such as the n-dimensional Hawaiian earring,
where n ≥ 2 (see [1, Corollary 2.11]).
Despite the above different behaviors between Hawaiian groups and homotopy groups, they
have some similar behaviors. For instance, it was proved that similar to the nth homotopy group,
the nth Hawaiian group of any pointed space is abelian, for n ≥ 2 [1, Theorem 2.3]. Also, the
Hawaiian groups preserve products in the category hTop∗ [1, theorem 2.12].
In this paper, we investigate the Hawaiian groups of the coproduct in the category hTop∗
which is the wedge sum of a given family of pointed spaces. In fact, we are going to give some
versions of the van Kampen theorem for Hawaiian groups of the wedge sum of spaces. In Section
2, among some results on Hawaiian groups of semilocally strongly contractible spaces, we intend
to present a structure for the nth Hawaiian group of the wedge sum of CW-complexes. A space
X is called semilocally strongly contractible at x0 if there exists some open neighbourhood U of
x0 such that the inclusion i : U ↪→ X is nullhomotopic in X relative to {x0}, in other words,
i : (U, x0) ↪→ (X, x0) is nullhomotopic (see [4]).
In Section 3, we present the nth Hawaiian group of the wedge sum (X, x∗) = (X1, x1)∨ (X2, x2)
as the semidirect product of two its subgroups that are more perceptible, when X is semilocally
n-simply connected at x∗. Also, we prove that the Hawaiian group of a pointed space equals
the Hawaiian group of every neighbourhood of the base point if all n-loops are small. An n-
loop α : (Sn, 1) → (X, x) is called small, if for each neighbourhood U of x, α has a homotopic
representative in U (see [7, 10]).
In Section 4, generalizing the well-known Griffiths space, we define the nth Griffiths space for
n ≥ 2, as the wedge sum of two copies of the cone over the n-dimensional Hawaiian earring. For
the sake of clarity, we call the well known Griffiths space as the 1th Griffiths space. Then, using
results of Sections 2 and 3, we intend to give some information about the structure of Hawaiian
groups of Griffiths spaces at any points.
In this paper, all homotopies are relative to the base point, unless stated otherwise.
2
2. Hawaiian Groups of Semilocally Strongly Contractible Spaces
In this section, we investigate Hawaiian groups of wedge sum of pointed spaces which are semilo-
cally strongly contractible at the base points. The property semilocally strongly contractibility
was defined by Eda and Kawamura [4]. First, we compare semilocally strongly contractible prop-
erty with some familiar properties, such as locally contractible, locally strongly contractible and
semilocally contractible properties.
Recall 2.1. Let (X, x) be a pointed space, then X is called locally contractible at x if for each
open neighbourhood U of x in X, there exists some open neighbourhood V of x contained in U
such that the inclusion V ↪→ U is freely nullhomotopic.
We say that X is locally strongly contractible at x if for each open neighbourhood U of x in
X, there exists some open neighbourhood V of x contained in U such that the inclusion V ↪→ U
is nullhomotopic relative to {x}, or briefly, (V, x) ↪→ (U, x) is nullhomotopic.
Moreover, X is called semilocally contractible at x, if there exists some open neighbourhood U
of x such that the inclusion i : U ↪→ X is freely nullhomotopic in X.
One can see that there are some relations between these properties. Locally strongly con-
tractible property implies locally contractibility, and locally contractible property implies semilo-
cally contractibility, but the converse statements do not necessarily hold. Moreover, locally strongly
contractible property implies semilocally strongly contractibility, and semilocally strongly con-
tractible implies semilocally contractibility, but converse statements do not necessarily hold. The
following example shows that a given space can behave differently at different points.
Example 2.2. The 1th Griffiths space G1 is locally strongly contractible at two vertices v and v′.
Therefore, it is locally contractible, semilocally strongly contractible and semilocally contractible
at two vertices v and v′. Moreover, G1 is semilocally contractible at all points except at the common
point x∗. Also, G1 is semilocally contractible at any point of A and A′, but not semilocally strongly
contractible. Finally, G1 is neither semilocally strongly contractible, semilocally contractible nor
even semilocally 1-simply connected at x∗ (see [5]).
Figure 1: The 1th Griffiths space.
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The 1-dimensional Hawaiian earring HE1 is not semilocally contractible at the origin. However,
it is locally strongly contractible at other points. There exist many spaces which are semilocally
contractible at each point, but not strongly at some points. For example, consider C∆ as the
cone over the Seirpeinski gasket. It is semilocally contractible at any points, but it is semilocally
strongly contractible just at the vertex.
The following lemma describes the Hawaiian group of the wedge sum of two spaces by its
subgroups. This construction helps us to obtain next isomorphisms.
Lemma 2.3. Let (X1, x1) and (X2, x2) be two pointed spaces, and (X, x∗) = (X1, x1) ∨ (X2, x2).
(i) If U1 and U2 are two open neighbourhoods of x1 and x2 in X1 and X2, respectively, and
j : U1 ∨ U2 → X is the inclusion map, then
Hn(X, x∗) = j∗Hn(U1 ∨ U2, x∗)
∏
N
W
pin(X, x∗). (1)
(ii) If x ∈ X1 \ {x1} and {x1} is closed in X1, then
Hn(X, x) = Hn(X1, x)
∏
N
W
pin(X, x). (2)
Proof. (i) Let U1 and U2 be two open neighbourhoods of x1 and x2 in X1 and X2, respectively,
j : U1 ∨ U2 → X be the inclusion map, and f : (HEn, θ) → (X, x∗) be a pointed map.
Since U1 ∨ U2 is open in X, there exists K ∈ N such that if k ≥ K, then im(f |∨˜
k≥KSnk
) ⊆
U1 ∨ U2. We can define f, f : HEn → (X, x) by f |∨k<K Snk = f |∨k<K Snk , f |∨˜k≥KSnk = C|∨˜k≥KSnk ,
f |∨
k<K Snk = C|∨k<K Snk , and f |∨˜k≥KSnk = f |∨˜k≥KSnk , where C is the constant map. Obviously,
[f ] = [f ][f ] = [f ][f ]. Moreover, [f ] is an element of
∏W
N pin(X, x∗) and also, [f ] is an element
of j∗Hn(U1∨U2, x∗). Therefore, Hn(X, x∗) is generated by j∗Hn(U1∨U2, x∗)∪
∏W
N pin(X, x∗).
The equality (1) holds because
∏W
N pin(X, x∗) E Hn(X, x∗) (see the proof of [1, Theorem
2.13]).
(ii) Since X1 is a retract of X, one can consider Hn(X1, x) as a subgroup of Hn(X, x). Let
f : (HEn, θ) → (X, x) be a pointed map. Since {x1} is closed in X1, X1 \ {x1} is open. Let
i : X1 \ {x1} → X be the inclusion map. Similar to the previous part, [f ] can be factorized
as [f ] = [f ][f ] = [f ][f ], where [f ] is an element of
∏W
N pin(X, x) and also [f ] is an element
of i∗Hn(X1 \ {x1}, x) which is a subgroup of Hn(X1, x). Thus, Hn(X, x) is generated by
Hn(X1, x) ∪
∏W
N pin(X, x). Again, equality (2) holds by normality of
∏W
N pin(X, x).
Note that equalities (1) and (2) may not be the same. For instance, in Example 3.6 one group
is trivial, but not the other one, in general.
Note 2.4. Using the property that every open neighbourhood in the wedge sum is a wedge sum
of open neighbourhoods, one can rewrite the proof of Lemma 2.3 for arbitrary spaces stated as
follows. Let (X, x0) be a pointed space. Then Hn(X, x0) = j∗Hn(U, x0)
∏W
N pin(X, x0), for each
open neighbourhood U with x0 ∈ U ⊆ X and j : U → X as the inclusion map.
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A result similar to the following theorem was proved in [1, Theorem 2.5] by a slightly different
argument.
Theorem 2.5. Let (X1, x1) and (X2, x2) be two pointed spaces, (X, x∗) = (X1, x1)∨ (X2, x2), and
n ≥ 1. If X1 and X2 are semilocally strongly contractible at x1 and x2, respectively, then
Hn(X, x∗) =
∏
N
W
pin(X, x∗).
Proof. Since X1 and X2 are semilocally strongly contractible at x1 and x2, respectively, there
exist open neighbourhoods U1 of x1 and U2 of x2 such that inclusion maps (U1, x1) ↪→ (X1, x1)
and (U2, x2) ↪→ (X2, x2) are nullhomotopic. By joining these homotopies, one can see that j :
U1 ∨ U2 → X1 ∨X2 is nullhomotopic and hence j∗Hn(U1 ∨ U2, x∗) is trivial. The result holds by
Lemma 2.3.
The following example shows that Theorem 2.5 does not hold without condition semilocally
strongly contractible on both of spaces.
Example 2.6. Consider x∗ as the common point of the 1th Griffiths space. We show that if The-
orem 2.5 holds for the 1th Griffiths space at x∗, then pi1(G1, x∗) is trivial which is a contradiction
(see [5]). Assume that H1(G1, x∗) =
∏W
N pi1(G1, x∗), then the homomorphism ϕ : Hn(X, x0) →∏
N pin(X, x0) (see (I)) can be considered as the natural injection. If we show that the homomor-
phism ϕ is surjective, then the natural injection
∏W
N pi1(G1, x∗)→
∏
N pi1(G1, x∗) is surjective which
is impossible in a nontrivial way.
To prove surjectivity of ϕ, let {[fk]} ∈
∏
N pi1(G1, x∗). Since any n-loop at x∗ is small, we can
find a homotopic representative f ′k of [fk] in Uk, for all k ∈ N. Now we can define f : HE1 → G1
by f |S1k = f ′k, satisfying ϕ([f ]) = {[fk]}.
CW-complexes are locally homeomorphic to some cells. Thus, they are semilocally strongly
contractible at any point. The following result presents an isomorphism for the Hawaiian group of
the wedge sum of CW-complexes.
Corollary 2.7. Let X1 and X2 be two locally finite (n − 1)-connected CW-complexes, (X, x∗) =
(X1, x1) ∨ (X2, x2), and n ≥ 2. Then
Hn(X, x∗) ∼= Hn(X1, x1)⊕Hn(X2, x2). (3)
Proof. CW-complexes are semilocally strongly contractible. Thus by Theorem 2.5, Hn(X, x) ∼=⊕
N pin(X, x), when n ≥ 2. Now by [9, Proposition 6.36], pin(X, x) ∼= pin(X1) ⊕ pin(X2), and after
a rearrangement, Hn(X, x) ∼=
⊕
N pin(X1)⊕
⊕
N pin(X2). We obtain the result, using [1, Theorem
2.5].
An analogous isomorphism for (3) does not hold, when n = 1. To obtain such an isomorphism
on the 1th Hawaiian group, we must replace direct sum by free product, because the fundamental
group and the 1th Hawaiian group are not abelian groups, in general. Using Theorem 2.5 and the
van Kampen Theorem for wedge sum we have the following result.
Corollary 2.8. Let X1 and X2 be two semilocally strongly contractible spaces at x1 and x2, re-
spectively, and (X, x∗) = (X1, x1) ∨ (X2, x2). Then
H1(X, x∗) ∼=
∏
N
W (
pi1(X1, x1) ∗ pi1(X2, x2)
)
. (4)
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Note that the isomorphism (4) is not similar to the case n ≥ 2, even if X is a special CW-
complex. Because if we consider H1(X, x∗) ∼= H1(X1, x1) ∗ H1(X2, x2), then by Theorem 2.5,
H1(X, x∗) ∼=
∏W
N pi1(X1, x1) ∗
∏W
N pi1(X2, x2). Hence, by isomorphism (4) we must have∏
N
W (
pi1(X1, x1) ∗ pi1(X2, x2)
) ∼= ∏
N
W
pi1(X1, x1) ∗
∏
N
W
pi1(X2, x2),
which is impossible by [8, Page 183, 6.3.10], in a nontrivial way. Therefore,H1(X, x∗) 6∼= H1(X1, x1)∗
H1(X2, x2), in a nontrivial way.
3. Hawaiian Groups of Semilocally n-Simply Connected Spaces
In this section, we study more on Hawaiian groups of the wedge sum in semilocally n-simply
connected spaces. We present results for n = 1 and n ≥ 2, separately, due to the difference in
group structures.
Recall that for n ≥ 1, a space X is called n-simply connected at x if pin(X, x) is trivial and
it is called n-connected at x if pij(X, x) is trivial, for 1 ≤ j ≤ n. Also, X is called semilocally
n-simply connected at x if there exists a neighbourhood U of x such that the homomorphism
pin(j) : pin(U, x)→ pin(X, x), induced by the inclusion, is trivial.
Theorem 3.1. Let (X1, x1) and (X2, x2) be two pointed spaces and (X, x∗) = (X1, x1) ∨ (X2, x2).
If X is semilocally 1-simply connected at x∗, then
H1(X, x∗) ∼= j∗H1(U1 ∨ U2)n
∏
N
W
pi1(X, x∗),
for some neighbourhood U1 ∨ U2 of x∗ with the inclusion map j : U1 ∨ U2 → X.
Proof. By Lemma 2.3 part 1, H1(X, x∗) = j∗H1(U1 ∨ U2, x∗)
∏W
N pi1(X, x∗) for each open neigh-
bourhood U1 ∨ U2 of x∗. Let U1 ∨ U2 be the neighbourhood for which pi1(j) : pi1(U1 ∨ U2, x∗) →
pi1(X, x∗) is the trivial homomorphism and let [f ] ∈ j∗H1(U1 ∨ U2, x∗) ∩
∏W
N pi1(X, x∗). Since
[f ] ∈ j∗H1(U1 ∨ U2, x∗), there exists f˜ : (HE1, θ) → (U1 ∨ U2, x∗) such that j∗[f˜ ] = [f ], or
equivalently, j ◦ f˜ ' f . Also, since [f ] ∈ ∏WN pi1(X, x∗), f can be assumed as a map with
f |∨˜
k≥KS1k
= C|∨˜
k≥KS1k
for some K ∈ N. Hence j ◦ f˜ |∨˜
k≥KS1k
' C|∨˜
k≥KS1k
. Using [1, Lemma 2.2],
one can replace f˜ with a map fˆ such that fˆ |∨˜
k≥KS1k
' C|∨˜
k≥KS1k
. Thus [fˆ ] ∈ ∏WN pi1(U1 ∨ U2, x∗)
and then [f ] ∈ ∏WN pi1(j)pi1(U1 ∨ U2, x∗) which is trivial, because of the choice of U1 ∨ U2. Hence
j∗H1(U1 ∨ U2, x∗) ∩
∏W
N pi1(X, x∗) = 〈e〉, and the result holds by normality of
∏W
N pi1(X, x∗) in
H1(X, x∗).
By a similar argument, we can conclude the following result for the wedge sum of 1-simply
connected spaces.
Theorem 3.2. Let (X1, x1) and (X2, x2) be two pointed spaces and (X, x∗) = (X1, x1) ∨ (X2, x2).
If pi1(X1, x) = 〈e〉 for some x ∈ X1 \ {x1}, then
H1(X, x) ∼= H1(X1, x)n
∏
N
W
pi1(X, x).
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In the following two theorems, we reconstruct isomorphisms in Theorems 3.1 and 3.2 for n ≥ 2.
In this case, since all groups are abelian and all subgroups are normal, semidirect product n must
be replaced by direct sum ⊕.
Theorem 3.3. Let (X1, x1) and (X2, x2) be two pointed spaces, (X, x∗) = (X1, x1)∨ (X2, x2), and
n ≥ 2. If X is semilocally n-simply connected at x∗, then
Hn(X, x∗) ∼= j∗Hn(U1 ∨ U2)⊕
⊕
N
pin(X, x∗),
for some neighbourhood U1 ∨ U2 of x∗ with the inclusion map j : U1 ∨ U2 → X.
Theorem 3.4. Let (X1, x1) and (X2, x2) be two pointed spaces, (X, x∗) = (X1, x1)∨ (X2, x2), and
n ≥ 2. If pin(X1, x) = 〈e〉 for some x1 6= x ∈ X1, then
Hn(X, x) ∼= Hn(X1, x)⊕
⊕
N
pin(X, x).
Zˇ. Virk [10] defined small 1-loop and studied small loop spaces. Note that a nullhomotopic
loop is a small loop. H. Passandideh and F.H. Ghane [7] defined and studied the notions of n-
homotopically Hausdorffness and small n-loops, for n ≥ 2. An n-loop α : (Sn, 1)→ (X, x) is called
small if it has a homotopic representative in every open neighbourhood of x.
Theorem 3.5. Let (X1, x1) and (X2, x2) be two pointed spaces, (X, x∗) = (X1, x1)∨ (X2, x2), and
n ≥ 1. Also, let {x1} be a closed subset in X1, and x1 6= x ∈ X1.
(i) All n-loops in X at x∗ are small if and only if
Hn(X, x∗) = j∗Hn(U1 ∨ U2, x∗), (5)
for any neighbourhoods U1 and U2 of x1 and x2 in X1 and X2, respectively, when j : U1∨U2 →
X is the inclusion map.
(ii) If all n-loops in X at x are small, then
Hn(X, x) = Hn(X1, x). (6)
Proof. (i) Let U1 and U2 be two arbitrary neighbourhoods of x1 and x2, respectively, and let [f ] ∈∏W
N pin(X, x∗). We show that [f ] ∈ j∗Hn(U1 ∨ U2, x∗), and then the equality (5) is obtained
by Lemma 2.3. Since [f ] ∈ ∏WN pin(X, x∗), one can consider f as f |∨˜
k≥KSnk
= C|∨˜
k≥KSnk
for
some K ∈ N. Moreover, since each n-loop in X is small at x∗, any n-loop α is homotopic to
some n-loop in U1 ∨ U2, say α˜ : Sn → U1 ∨ U2, such that j ◦ α˜ ' α. By induction on finite
join of n-loops, f |∨˜
k<KSnk
has a homotopic representative f˜ in U1 ∨ U2 with j ◦ f˜ ' f |∨˜
k<KSnk
.
Therefore, [f ] ∈ j∗Hn(U1 ∨ U2, x∗).
Conversely, let α be an n-loop in X at x∗. Consider the map f : (HEn, θ) → (X, x∗) so
that f |Sn1 = α and f |Snk = c for k > 1. Then [f ] ∈ j∗Hn(U1 ∨ U2, x∗) by equality (5) for any
neighbourhoods U1 and U2. Let [f˜ ] be the element of Hn(U1 ∨ U2, x∗) such that j ◦ f˜ = f .
Hence, j ◦ f˜ |Sn1 = f |Sn1 = α, that is α is homotopic to some n-loop in U1 ∨ U2. Since U1 and
U2 are arbitrary neighbourhoods, α is a small n-loop.
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(ii) Since X1\{x1} is open and all n-loops at x in X are small, similar to the proof of the previous
part, one can show that
∏W
N pin(X, x) ⊆ i∗Hn(X1 \ {x1}, x), where i : X1 \ {x1} → X is the
inclusion map. Moreover, i∗Hn(X1 \ {x1}, x) is contained in Hn(X1, x) as a subgroup. Thus,
by Lemma 2.3, the equality (6) holds.
Since a nullhomotopic n-loop is a special case of small n-loop, the equalities (5) and (6) hold
for n-simply connected spaces. For example, Theorem 3.5 holds for two cones joining at their
vertices which is not only n-simply connected, but also contractible. Recall that the 1th Griffiths
space, the wedge sum of two cones, is not contractible, even more Griffiths [5] proved that it is not
1-simply connected.
Example 3.6. For a space X, put Y = X×[−1,1]
X×{0} the wedge sum of two cones over X at their
vertices and x˜t = [(x0, t)] for t 6= 0. One can see that Y is contractible at the common point, and
hence, it is n-simply connected. By Theorem 3.5, Hn(Y, x˜t) = Hn(CX, x˜t). Also, by [1, Theorem
2.13], Hn(Y, x0) ∼= Hn(X,x0)∏W
k∈N pin(X,x0)
.
Let x∗ be the common vertex of the two cones, then Hn(Y, x∗) is trivial, for Y is semilocally
strongly contractible at x∗ and by Theorem 2.5, Hn(Y, x∗) =
∏W
N pin(Y, x∗) which is trivial.
The following example reveals that Theorem 3.5 does not hold, if some non small loop exists.
Example 3.7. Let (X, x∗) = (C(HE1), θ)∨(S1, 1) (see Figure 2) . If one assumes thatH1(X, x∗) =
H1(C(HE1), x∗), then the simple 1-loop in S1 must be nullhomotopic which is a contradiction.
Figure 2: The wedge sum of a circle and a cone on the Hawaiian earring
4. Hawaiian Groups of Griffiths Spaces
In this section, by generalizing the Griffiths space to higher dimensions and applying the results
of Sections 2 and 3, we study the nth Hawaiian group of the nth Griffiths space, for n ≥ 1.
Eda [3] introduced the free σ-product ×σNZ as the group consisting of all reduced σ-words, and
then proved that it is isomorphic to pi1(HE1, θ) [3, Theorem A.1]. To prove, Eda remarked that
each 1-loop in the 1-dimensional Hawaiian earring is homotopic to some proper 1-loop [3, Lemma
A.3]. A 1-loop α : (I, I˙) → (HE1, θ) is called proper whenever for each subinterval [a, b] ⊆ I, if
α|[a,b] is nullhomotopic, then it is constant.
Also, O. Bogopolski and A. Zastrow proved that
pi1(G1, a) ∼= ×
σ
NZ
〈×σNeZ,×σNoZ〉
N
,
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where No and Ne denote the set of odd and even numbers, respectively [2, Theorem 3.4]. This
isomorphism is induced by the natural embedding ι : HE1 → G1 causing epimorphism pi1(ι) :
×σNZ→ pi1(G1, x∗) together with 〈×σNeZ,×σNoZ〉
N
as its kernel.
The following lemma gives a useful description of the group H1(HE1, θ) which is used in sequel.
Lemma 4.1. Let B be the subgroup of ∏N×σNZ consisting of all countably infinite tuples of reduced
σ-words that the number of components including letter of type m is finite, for all m ∈ N. Then
H1(HE1, θ) ∼= B.
Proof. By [1, Theorem 2.9], H1(HE1, θ) is isomorphic to the subgroup of
∏
N pi1(HE
1, θ) consisting
of all sequences of homotopy classes of 1-loops with some representative converging uniformly to
the constant 1-loop. We show that B equals this subgroup.
Let {Ul; l ∈ N} be the local basis at θ defined in the proof of [1, Theorem 2.9], and also let
{[fk]} ∈
∏
N pi1(HE
1, θ). Then {fk} converges uniformly to the constant 1-loop if and only if for
each l ∈ N, there exists Kl ∈ N such that im(fk) ⊆ Ul whenever k ≥ Kl. Assume that fk is the
corresponding proper representative for all k ∈ N. The image of fk is contained in Ul if and only
if im(fk) ∩ S1m = {θ}, where (m < l), for U ∩ S1m is contractible and fk has no trivial subpath.
Therefore, {fk} converges uniformly to the constant 1-loop if and only if for each l ∈ N, there
exists Kl ∈ N such that im(fk) ∩ S1m = {θ} whenever k ≥ Kl.
By [3, Theorem A.1], pi1(HE1, θ) ∼= ×σNZ, the group of reduced σ-words. Moreover, in a given
reduced σ-word, the letter of type m exists if and only if the mth circle S1m of HE
1 appears in
the corresponding proper 1-loop. Therefore H1(HE1, θ) is isomorphic to the subgroup of
∏
N×σNZ
consisting of all countably infinite tuples of reduced σ-words such that the number of components
including letter of type m is finite, for all m ∈ N.
The following theorem investigates the structure of the 1th Hawaiian group of the 1th Griffiths
space at the common point, the two vertices and the other points. Let i : HE1 → G1 \ {v1, v2} be
the embedding which maps (2m−1)th circle onto the the horizontal left mth circle and maps 2mth
circle onto the horizontal right mth circle, for m ∈ N (see Figure 1). Also, let j : G1 \ {v1, v2} → G
be the inclusion map .
Theorem 4.2. Let G1 be the 1th Griffiths space, x∗ the common point, a ∈ A ∪ A′, and x ∈
G1 \ (A ∪ A′ ∪ {x∗}). Then
(i) H1(G1, x∗) ∼= H1(HE
1, θ)
i−1∗ ker j∗
∼= B∏W
N 〈×σNeZ,×σNoZ〉
N
, (7)
(ii) H1(G1, a) ∼= H1(HE
1, θ)∏W
N pi1(HE
1, θ)
n
∏
N
W
pi1(G1, a) ∼= B∏W
N ×σNZ
n
∏
N
W ×σNZ
〈×σNeZ,×σNoZ〉
N
, (8)
(iii) H1(G1, x) ∼=
∏
N
W ×σNZ
〈×σNeZ,×σNoZ〉
N
. (9)
Proof. (i) Since all 1-loops in G1 at x∗ are small, Theorem 3.5 implies thatH1(G1, x∗) = j∗H1(U1∨
U2, x∗) when U1 and U2 are arbitrary neighbourhoods of x∗ in the two cones. Suppose that Um
(m = 1, 2) is the whole of the corresponding cone except its vertex. Then U1∨U2 = G1\{v1, v2}
and thus
H1(G1, x∗) = j∗H1(U1 ∨ U2, x∗) = j∗H1(G1 \ {v1, v2}, x∗).
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Moreover, the embedded Hawaiian earring i(HE1) is a deformation retract of G1 \ {v1, v2}
with projection p : G1 \ {v1, v2} → HE1 as the retraction. Therefore,
H1(G1, x∗) = j∗H1(G1 \ {v1, v2}, x∗) ∼= j∗i∗H1(HE1, θ).
By the First Isomorphism Theorem,
j∗i∗H1(HE1, θ) ∼= i∗H1(HE
1, θ)
ker j∗
∼= H1(HE
1, θ)
i−1∗ ker j∗
.
In the following, we show that i−1∗ ker j∗ is mapped isomorphically onto
∏W
N 〈×σNeZ,×σNoZ〉
N
,
by the same isomorphism which maps H1(HE1, θ) onto B, in Lemma 4.1.
Let [g] ∈ i−1∗ ker j∗. Then i∗[g] ∈ ker j∗, and therefore, j ◦ i ◦ g ' Cx∗ . Hence, the 1-loops
(j ◦ i ◦ g|S1k)’s are nullhomotopic with some null convergent sequence of homotopies, say{Hk}. Thus, there exists K ∈ N such that imHk ⊆ G1 \ {v1, v2} for k ≥ K. Therefore,
i ◦ g|S1k is nullhomotopic in G1 \ {v1, v2} for k ≥ K by null convergent homotopies {Hk}k≥K .
Accordingly, i◦ g|∨˜
k≥KS1k
is nullhomotpic in G \{v1, v2}. Therefore, p◦ i◦ g|∨˜
k≥KS1k
= g|∨˜
k≥KS1k
is nullhomotopic in HE1.
Moreover, for k < K, j ◦ i ◦ g|S1k is nullhomotopic in G1 or equivalently [g|S1k ] ∈ kerpi1(ι).
Note that ker pi1(ι) is mapped isomorphically onto 〈×σNeZ,×σNoZ〉
N
, by the same isomor-
phism mapping pi1(HE, θ) onto ×σNZ. Thus, [g] is corresponded injectively to an element
of
∏W
N 〈×σNeZ,×σNoZ〉
N
, where the corresponding is the same as the isomorphism mapping
H1(HE, θ) onto B, in Lemma 4.1. One can check that this correspondence is also surjective.
(ii) By Theorem 3.2,
H1(G1, a) ∼= H1(CHE1, a)n
∏
N
W
pi1(G1, a) ∼= H1(CHE1, a)n
∏
N
W ×σNZ
〈×σNeZ,×σNoZ〉
N
.
Now by [1, Theorem 2.13] H1(CHE1, a) ∼= H1(HE
1,θ)∏W
N pi1(HE
1,θ)
.
By Lemma 4.1, H1(HE1, θ) ∼= B. This isomorphism maps the subgroup
∏W
N pi1(HE
1, θ) onto∏W
N ×σNZ. Consequently H1(CHE1, a) ∼= B∏WN ×σNZ , and hence the isomorphism (8) holds.
(iii) Obviously, G1 is semilocally strongly contractible at x. Therefore, H1(G1, x) ∼=
∏W
N pi1(G1, x).
We define the nth Griffiths space by the wedge sum of two copies of cones on HEn at the origin
for n ≥ 2. In the following theorem we give some information on the structure of the nth Hawaiian
group of the nth Griffiths space. Note that by Zk we mean the subgroup of
⊕
N Z consisting
of all countably infinite tuples with all zero components except the first k components and thus
Z1 6 Z2 6 Z3 6 · · · .
Theorem 4.3. Let n ≥ 2 and Gn be the nth Griffiths space, a ∈ A∪A′, and x ∈ G1\(A∪A′∪{x∗}).
Then
(i) Hn(Gn, a) ∼= Hn(HE
n, θ)⊕
N pin(HE
n, θ)
⊕
⊕
N
pin(Gn) ∼=
∏
N
⊕
N Z⋃
k∈N
∏
N Zk
⊕
⊕
N
pin(Gn)
(ii) Hn(Gn, x) ∼=
⊕
N
pin(Gn).
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Proof. (i) By Theorem 3.4, Hn(Gn, a) ∼= Hn(CHEn, a)⊕
⊕
N pin(Gn, a). Using [1, Theorem 2.13],
Hn(CHEn, a) ∼= Hn(HE
n,θ)⊕
N pin(HE
n,θ)
. Replacing Hn(HEn, θ) with
∏
N
⊕
N Z via [1, Theorem 2.11],
which maps
⊕
N pin(HE
n, θ) isomorphically onto
⋃
k∈N
∏
N Zk, the result holds.
(ii) Since Gn is semilocally strongly contractible at x, the isomorphism holds by Theorem 2.5.
We recall that the nth Hawaiian group of the nth Griffiths space at the common point is
generated by two its subgroups; Hn(Gn, x∗) = j∗Hn(U1 ∨U2, x∗)
(⊕
N pin(Gn, x∗)
)
, when U1 and U2
are arbitrary neighbourhoods of the origin in two cones, and j : U1∨U2 → Gn is the inclusion map.
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